
ISRAEL JOURNAL OF MATHEMATICS, Vol. 66, Nos. I-3, 1989 

SIMPLICIAL GROUP MODELS FOR f2"SnX "t 

BY 

JEFFREY HENDERSON SMITH 
Department of Mathematics, Johns Hopkins University, Baltimore, MD 21218, USA 

ABSTRACT 

Let X b e  a pointed simplicial set. The free group functors F [10] and I" [1] 
provide simplicial models o f t2S lX  I and ~®S ® I Xl .  The simplicial group FX 
is a simplieial subgroup of IX,  and this corresponds to the inclusion 
DS I X I c f~®S®X. In this paper we define free group functors I ~") such that 
l-x")X is a model of Q"S" I X I. Moreover, there is natural filtration 

FX = Ix~)X c l-x2)X C • . .  c I~n)X C . . .  C FX, 

corresponding to the filtration 

D . S I X I  C ~'~2S2lX[ C ' ' '  c ~ " S " l X l  c . . .  c ~ ® S ® l X I .  
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§1. Introduction 

Let Ybe a pointed space and let n be a positive integer. Let Q"S" Ydenote the 
n-fold loops on the n-fold (reduced) suspension of  Y. There is a natural 
inclusion ~ " s n y  C Q" + 1S" + 1 y given by 

[2"is~y : ~ n S " Y  ~ ~ " ~ S S " Y  
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where iy:Y---~D, S Y  is the adjoint of the identity map of the suspension 
SY---, SY.  The union of the chain of inclusions 

DSY C fl2S2 Y C • • • C ~nS ~ Y. • • 

is denoted D®S®Y and is an infinite loop space. Several authors have 
given topological models of the loop spaces D~S~Y and D®S ® Y (for example 
James [6], May [8], Milgram [9]). In this paper we give simplicial models of 
these loop spaces. 

Simplicial models have been given for the two extreme cases, DSY and 
D®S®Y. Milnor's functor F [10] takes a pointed simplicial set X to a free 
simplicial group F X  such that the geometric realization I FXI is naturally 
homotopy equivalent to DS IX[. At the other extreme the functor F, defined 
by Barratt and Eccles [1], takes X to a simplicial group FX such that the 
realization I FXI is naturally homotopy equivalent to £2~S~[XI. Moreover, 
FX is a simplicial subgroup of FX, and the inclusion FX C FX corresponds 
naturally to the inclusion DS I X I C D®S ® I X I- 

In this paper we fill the gap between F and F by defining functors ~ ')  from 
pointed simplicial sets to free simplicial groups. We will obtain a natural 
filtration of FX by simplicial subgroups 

~'~X c I~2)X c . . .  c ~")X c . . .  c FX 

such that the realization 
D'S" [ X I . 

The main result is: 

is naturally homotopy equivalent ~o 

1.I. THEOREM. Let X be a pointed simplicial set and let n > 1 be an 
integer. There exists a natural "zigzag" o f  weak (homotopy) equivalences 
(defined in 3.11) connecting the simplicial groups I~n)X and GnE~X (where E 
(3.5) is the simplicial suspension functor and G (3.6) is the functor that assigns to 
a reduced simplicial set K a flee simplicial group GK having the homotopy type 
o f  the loops on K). Moreover, the inclusion ~ ) X  c ~+[ )X  corresponds natur- 
ally to the inclusion G~EnX C G ~ + IE~ + IX defined in 3.11. 

The exact relationship between the loop functors G and D, and between the 
suspension functors E and S is discussed in the appendix. This discussion and 
1.1 immediately imply 

1.2. COROLLARY. Let X be a pointed simplicial set and let n > 1 be an 

integer. The geometric realization [~n)X[ is naturally homotopy equivalent to 
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f/"S" I X[. Moreover, the inclusion I~")Xl c I ~ "  + ~)Xl corresponds naturally 

to the inclusion fl"S" I X I c l-l" + IS" + 1 [ X I. 

1.3. Organization o f  the paper.  We work simplicially. The basic results of 
simplicial homotopy theory can be found in [7]. 

We define (in §2) functors P")+ from pointed simplicial sets to free sim- 
plicial monoids. The functors ~") (3.2) are the group completions (3.1) of the 
functors P")+. The configuration complexes C.Zp (2.7) are the crucial ingre- 
dient in the definitions of ~")+ and of ~"). The main result is proved in §3 
using I.emma 3.8 which is proved in §§4-5. 

The author would like to thank his friend and advisor D. M. Kan for many 
helpful discussions. 

§2. The functors ~")+ 

In this section we recall the definition of the functor F + [ 1, 3.1 ], and use the 
same type of construction to define, for each integer n > 1, a functor l "x")+. The 
properties of the functors F + (defined in 2.6) and 1 -x")+ (defined in 2.9), which 
will arise in this section, are collected in the following proposition: 

2.1. PROPOSITION. Let  X be a pointed simplicial set and let n > 1 be an 

integer. 

(i) F + (2.6) and ~")+ (2.9) are functors f r o m  pointed simplicial sets t o f f e e  
simplicial monoids.  

(ii) I~")+ X is a simplicial submonoid  o f f  t" + 1)+ X ,  and  the "union o f  the chain 

o f  inclusions 

I~)+X C l-(2)+X C • • • c l~")+X C • • • 

is the simplicial monoid  F+X. 
(iii) The basis o f  the free simplicial monoid  ~")+ X is a subset o f  the basis 

o f  I~"+~)X and  the union o f  these bases for  all n > 1 is the basis (2.14) o f  

F+X. 

2.2. Thefunctor  W.  This is a functor from sets to simplicial sets. LetA be a 
set and let f :  A --- B be a map of sets. The simplicial set WA is defined by 

(WA)k+I --- A k ffi { ( a o ,  . . . .  ak) l e A  }; 

O~(ao, al . . . .  , ak) = (ao, . . . , di, . . . , ak) (i.e. omit ai), 

si(ao, al, . . . .  ak) = (ao . . . . .  at, a~, . . . , ak) (i.e. repeat ai). 
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The simplicial map Wf:  WA ---, WB is defined by 

Wf(ao, al, . . . , ak) = ( f(ao), f (aO . . . . .  f(ak)). 

2.3. The permutation groups. Let J c {1, 2 , . . . }  be a finite set of positive 
integers. Let Zj denote the group of  permutations of  J .  In the special case that 
J = { 1, 2, . . . .  p }, let Ep denote the permutat ion group Y,j of  the set J = 
{ 1, 2 . . . . .  p ). In particular Z0 = E, is the trivial group. 

Suppose that J contains j elements. An ordering of  J is a sequence 

(tl, t 2 , . . . ,  tj) that lists each integer in J exactly once. We identify the group Z~ 
with the collection of orderings of J,  identifying the permutat ion a E Ej with 
the ordering (fi, t2 . . . . .  tj) such that a(tO < a(tz) < . . .  < a(tj). 

2.4. The reduction maps. Let J and K be finite sets such that J c K c 
{ 1, 2 . . . .  }. The reduction o f  an ordering (fi, t2 . . . . .  tk) of K to an ordering 
of J is obtained by taking the subsequence (t~, t2, . . . .  tj) consisting of  
the integers in J.  Then the reduction map o f  permutations R~:Zx - - "  Zs is 
defined using the identification of permutations and orderings (2.3). Applying 
the functor W to the map R~'Ex---Y~s, we define the reduction 

map R~:  WZx--* WE~. When it is clear which reduction map  is meant, we 
abbreviate R~ to R j,  or to R. 

2.5. The diagonal action. Let a,, f l ~ E j  be permutations. The diagonal 
action of Zj on WEs is defined by 

. . . .  , = . . . . .  

2.6. Thefunctor F + [1, 3.1]. Let Xbe  a pointed simplicial set and let * ~ Xo 
be the basepoint. Let VX denote the disj oint union tap => 0 W'Zp × XV where XV 
is the p-fold cartesian product. The equivalence relation --~, generated by the 
following relations, respects the face and degeneracy maps of  VX; we define 
the simplicial set F+X to be the quotient simplicial set VX/,-. , .  Let w ~ W Z  v 

and x~ E XK be k- simplices, let a ~ Ep be a permutation, and let R : WZp --- 
W'Zp_ ~ be the reduction map (2.4). The relations generating ,-, are 

(a) (w,  x , ,  xp) (w .a ,  x o, x pj), 

( b )  ( w ,  x I . . . .  , xp_l ,  , )  ~ (R (w) ,  X l , . . .  , Xp_l). 

The equivalence class of a simplex (w, X l , . . . ,  Xv)~ WF, v X X v is denoted 
[w, Xl, . . . .  xp]. The canonical choice for the basepoint of  F * X  is the equiva- 
lence class [ 1, ¢] of the 0-simplex (1, ¢) ~ WE0 X X °. 

Let f :  X--* Y be a pointed simplicial map. The simplicial map F+f :  
F+X ~ F + Y is defined by 
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r + f [ w ,  X l ,  • • • , Xp]  = [W,  f ( X l )  , . . . .  f(xp)]. 

At this point we have defined F + as a functor from pointed simplicial sets to 
pointed simplicial sets. 

2.7. The configuration complexes. Recall that the n-skeleton, sk~X, of a 
simplicial set X is the simplicial subset of X generated by the simplices of 
dimensions _--< n. Let p _>-- 0 be an integer and let { i , j }  be a pair of integers 
such that 1 _-< i < j  < p. In 2.4 we defined a reduction map R{i,j} : WEp ---- 
WYw}. The configuration complex C~Y,,p (n >= 1) is the intersection of the 
pull backs 

RgJ} (sk,_, W~{io}) 

for all pairs { i , j }  C {1, 2 , . . . ,  p}. 
The reason for the name "configuration complex" is that it seems likely that 

the realization I C~Xp I is homotopically equivalent to F(R ~, p), the configu- 
ration space ofp distinct points in R ". 

The configuration complexes C,Y.p are used (2.9) in the definition of the 
functor 1 "x")+. The properties of C, Zp which we will need are 

2.8. PROPOSITION. Let p > 0 and n > 1 be integers. 
(i) The simplicial subset C.Zp c WEp is closed under the action of  Zp. 
(ii) The simplicial subset CnZp is contained in C,+~Zp and the union 

C.Z  is WZ r 
(iii) The reduction map R : WE~ ~ WZp_ l restricts to a map of  simplicial 

subsets R : C~Ep ~ C, Ep_ i. 

PgOOF. To prove (i) we note that the following two statements are equi- 
valent: 

(a) Rt~,j}(w. a) ~ sk._ ~ WZt~,j ~ , 
(b) Rt,,to ,ao))(w) ~ sk~ _ ~ WE{~),~j)}, 

where w E WZp is a simplex and a E £p is a permutation. 

Statements (ii) and (iii) are straightforward consequences of Definitions 2.4 

and 2.7. 

2.9. The functor ~n)+. Let X be pointed simplicial set and let *EX0 
denote the basepoint. Let Vt")X denote the disjoint union 

v<")x = U x x p .  
pRO 
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It follows from 2.80) and (iii) that Vt")X is a simplidal subset of VX and that 
Vtn)X is closed under the equivalence relation --, (2.6). The simplicial set 
Ix')+X is the quotient simplicial set vtn)x/"~. Clearly ~")+X is a simplicial 
subset of F+X = VX/--~, and it follows from 2.8(ii) that F+X is filtered as 
follows: 

~ ) + X  C I~2)+X C • • • C I~")+X C • • • C F+X. 

Let f : X ~  Y be a pointed simplicial map. The simplicial map F+f:  
F+X ~ F + Y (2.6) restricts to a simplicial map l'X")+X ~ l -x")+ Y and thus 1 -x")+ 
is a functor from pointed simplicial sets to pointed simplicial sets. 

The definition (2.12) of the product on F+X uses 

2.10. The product W~p X W~,, ~ W'Zp+q. Let p > 0 and q > 0 be 
integers. The cartesian product ~p X Zq is identified with a subgroup OfZp +4 as 
follows. For permutations aE~p and fl E~q, the permutation a X fl EZp+q is 
defined by 

x = i e { 1 , 2  . . . .  ,p} ,  

aX,O(j + p)ffi,O(j)+ p, j e { 1 , 2 , . . . , q } .  

The product W~p X W~q ~ W'Zp +q is the simplicial map defined as follows. 
For k-simplices 

w ffi(aoal, . . . .  ak)EW~p and V=(flO, f l l , . . . , f l k )EWEq,  

let w X vE W~p+q be given by 

w X v= (ao XPo, a~ Xp~, . . . .  ak X p J .  

2.11. PROPOSITION. Let w E WEp, vE W~,q and u E W~, be k-simplices, 
k > O .  

(i) The product (2.10) is associative, i.e. ( w X v ) X u = w X ( v X u ) E  

W~p+q+r. 
(ii) The product w X v~ W~,p+q is in the simpficial subset C,Y,p+q c WY, p+q 

i f  and only i f  both w E C,Y,p and vE C,Y,q. 

The proof is a straightforward computation using Definitions 2.7 and 2.10. 

2.12. Theproduct on £+X [1, 3.9]. Let [w,x~, . . .  ,xp] and [v,y~,.. .  ,yq] 
be k-simplices (k > 0) of £ +X. Their product is given by 

[w ×v,x~ . . . .  , xp, y b . . .  ,yq]. 
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2.13. COROLLARY OF 2.1 1. Let X be a pointed ( ,  EXo) simplicial set. 
(i) The simplicial set F+X with the product defined in 2.12 is a simplicial 

monoid; its unit element in dimension k is S0k[ 1, 0], where [1, 0] is the basepoint 
ofF+X(2.6). 

(ii) For k-simplices a, b EZ+X, the product a.  b EF+X is in the simplicial 
subset P")+ X i f  and only i f  both a E~")+ X and b EI~n)+ X. In particular ~")+ X 
is a simplicial submonoid ofF+ X. 

The map F+f: F+X ~ F + Y (2.6) and its restriction lan)+f: I~")+X--- I ~")+ Y 
(2.9) are simplicial homomorphisms, and therefore F + and ~n)+ are functors 
to simplicial monoids. The next proposition and corollary show that F + and 
I "<")+ are in fact functors to free simplicial monoids. 

2.14. PROPOSITION [1, 3.11]. LetXbeapointed( .EXo)  simplicialset. The 
simplicial monoid F +X is a free simplicial monoid. 

PROOF. Using relations (a) and (b) of 2.6, it follows that each k-simplex of 
F+X can be put in the form [w, x l , . . . , xp ]  with w~  W~p and x~EXk 
k-simplices such that x~ ~ s0 k*, 1 < i _-< p. The simplex [w, xm,... ,  xp] is said to 
be irreducible if there is no permutation a ~ ]~p such that w. ot E W~p is in the 
product W~, X W~p_, c W~p for some integer r, 1 _-< r < p - 1. It is proved 
in [1, 3.11] that each k-simplex can be written uniquely as a product of 
irreducible k-simplices. Notice that a degeneracy of an irreducible simplex is 
also irreducible. Therefore F+X is a free simplicial monoid and its basis is the 
set of irreducible simplices of F+X. 

Propositions 2.14 and 2.13(ii) imply 

2.15. COROLLARY. The simplicial submonoid l'X")+X C F+X is a flee 
simplicial monoid and its basis is the set of  simplices l'Xn)+X which are 
irreducible in F +X. 

2.16. REMARK. It follows from 2.7 that CIZp is the 0-skeleton of W~p 
which is the discrete simplicial set Y p (i.e. it has Y~p in each dimension and the 
face and degeneracy maps are the identity map Zp ~ ~p). The irreducible k- 
simplices of I~')+X(and thus its basis) are the k-simplex o fXand  1 E ~  is the 
identity permutation of { 1 }. Therefore the simplicial monoid ~+Xcoinc ides  
with Milnor's [ 10] simplicial monoid F+X which is the simplicial version of 
the James construction. 
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§3. The functors I ~n) and the main result 

In this section we define, for each integer n >_- 1, a functor 1 -xn) from pointed 
simplicial sets to free simplidal groups, and we prove the main result (1.1). 
The proof uses Lemma 3.8 which will be proved in §§4-5. 

3.1. The group completion. Let M be a monoid and let e denote its unit. 
The group completion of M is defined by adjoining inverses to M as follows. 
Let F M b e  the free group with a generator m for each element m E M a n d  with 
d identified with the unit of FM. Let N be the normal subgroup of F M  that is 
generated by the elements of the form a~-v -t where u, v E M .  The group 
completion of M is the quotient group UM = FM/N .  

The group completion o f  a homomorphism of monoids h : M - - , M '  is the 
homomorphism of groups Uh : UM - ,  UM' induced by the natural homomor- 
phism of free groups Fh : FM-- ,  FM'.  

The group completion o f  a simplicial monoid M is the natural simplicial 
group UM defined by taking the group completions of the monoids Mk and of 
the homomorphisms 0,. : Mk ~ Mk-  , and Si : Mk --" Mk + 1. 

3.2. The functors F and 1 xn). The functor F [1, 4.3] is the composition of 
functors UF +, and thefunctor I "in) is the composition U1 xn)+. 

The definition and Proposition 2.1 immediately imply 

3.3. PROPOSmON. Let X be a pointed simplicial set and let n > 1 be an 
integer. 

(i) F and F t~) are functors from pointed simplicial sets to free simplicial 
groups. A basis o f F X  (1-x~)X) is the set o f  irreducible simplices o f F X  (1-x~)+ X). 

(ii) lX~)X is a simplicial subgroup ofl-X~+l)X and the union o f  the chain o f  
inclusions 

~ ) X  c ~2)X c . . .  c ~n)X c . . .  

is the simplicial group FX. 

3.4. REMARK. It follows from Remark 2.16 that the functor 1 -x~) coincides 
with Milnor's functor F [ 10]. A natural inclusion ix: X ~ l'x')Xis defined on the 
k- simplices x ~ Xk by the formula 

zx(x)  = [s0kl, x] .  

3.5. Thefunctors C and E. Let Xbe a pointed ( ,  EX0) simplicial set. The 
cone on Xis the simplicial set CXdefined as follows. The k- simplices of CXare 
the pairs (p,  x), where p is an integer 1 <-_ p <-_ k, and x E Xk- p is a simplex, and 
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k - -  P ,  x where (p, So ) is identified with (k, .). The face and degeneracy operators on 
C X  are defined by the formulas 

s i ( p , x ) = ( p  + l , x ) ,  i < p, 

s~(p ,x )=(p ,S~_pX) ,  i > p, 

O ~ ( p , x ) = ( p - -  l , x ) ,  i < p, 

O i ( p , x ) = ( p ,  Oi_pX), i > p,  

01(1, X) = (0, *), X~Xo. 

To justify calling CX the cone on X we observe that: 
(i) There is a natural inclusion o f  X into CX, identifying the simplex x ~ X 

with the simplex (0, x ) ~  CX. 
(ii) The simplicial set CX is contractible. 

(A contracting homotopy is given in 5.4.) 
Let f :  X ~  Y be a pointed simplicial map. A natural simplicial map 

C f  : CX  ~ C Y  is defined by 

cf( p , x ) =  ( p, f(x)). 

The suspension o f  X is the natural quotient simplicial set E X  = CX/X.  

3.6. Thefunctor G [7, p. 118]. Let Xbe a reduced simplicial set, i.e. Xhas a 
unique 0-simplex • ~ X0. The simplicial group GX is a loop group of X and is 
defined as follows. The group of k-simplices GkX is the group that has 

(i) one generator X for each (k + 1)- simplex x E Xk + ~, 
(ii) one relation ~ ----- ek (the unit of Gk X) for each k- simplex y E Xk. 

Clearly the groups GkX are free. Thus the face and degeneracy homomor- 
phisms Oi:GkX ''~ Gk-tX and si:GkX'" Gk+ IX are defined by the following 
formulas on the generators 

Oo.e --- aox-~ "O~ x 

Oi.~=Oi+tx, 1 < i < k, 

s~.g = si+~x, O < i <=k. 

Let f :  X ~  Y be a map of reduced simplicial sets. A natural simplicial 
homomorphism Gf: GX--,  G Y  is defined on the generators by the formula 

Gf(~ ) -- f ( x  ). 



Vol. 66, 1 9 8 9  SIMPLICIAL GROUP MODELS FOR ~ S ' X  339 

The first step in proving 1.1 is 

3.7. LEMMA. Let  X be a pointed simplicial set and let n > 1 be an integer. 
There exists a simplicial group K(~)X (defined in §4) and natural simplicial 

homomorphisms 
~ + l) X ~ I~n)X ~ G ~ ) E X  

which are weak equivalences. 

The proofs of 3.7 and 1.1 use Lemma 3.8 which will be proved in §§4-5. 

3.8. [,EMMA. Let X be a pointed simplicial set and let g: C X  ~ E X  be 

the natural quotient map (3.5). There is a natural filtration (defined in §4) o f  

F C X  by simplicial subgroups 

T(l)X c T(2)X c . . .  c T(~)X c . . .  c F C X  

such that: 
(i) ~ ' ) C X  and I'~'+~)X are simplicial subgroups o f  T(n)X and T(~)X is a 

simplicial subgroup o f ~  ~ + I)CX. 
(ii) The simplicial homomorphism Fg : F C X  ~ VEX restricts to a homomor- 

phism 7 (~) : T{')X--. ~ ) E X .  
It follows from (i) and (ii) that I~'+I)X is a simplicial subgroup of the 

kernel of the homomorphism 7 (~) : T(~)X--. ~n)EX, which is denoted/~)X = 
ker 7 (~). 

(fii) The inclusion ~" +I)X C l~n)X is a weak equivalence. 

(iv) T(')X is contractible (i.e. it is connected and its homotopy groups 
vanish). 

3.9. Pltoov oF 3.7. The simplicial group K(~)X is the kernel of 
7(') : T(')X ~ ~ ) E X .  The natural simplicial homomorphism l'X~+l)X ~/O~)X 
of 3.7 is the inclusion ~n + ~)X C K(')Xwhich, by 3.8(iii), is a weak equivalence. 

To define the natural simplicial homomorphism G ~ ' ) E X  ~ I ~ ) X  consider 
the principal fibration 

I~')X ~ T(')X --.. P')EX. 

The total space T(~)X is contractible and it follows from [7, p. 123] that there 
exists a simplicial homomorphism (not uniquely) 

h{,) : G~")EX..-. KOOX 

which is a weak equivalence. The procedure for defining such an h (n) is as 
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follows. Find a pseudo-cross section [7, p. 73] (i.e. a cross section commuting 
with all faces and degeneracies other than d0) a~"):I~")EX -~ ~")X  of the 
homomorphism ~c,): ~"~X-~ l~"~EX. Then define h c~ on the generators of the 
free simplicial group GI~"~EX by the formula 

h~,~(a) = a~,~(Ooa)-1, a{,)(Ola), 

where a ~ P")EX is a simplex. 
Therefore to define a natural simplicial homomorphism h~") : GP")EX 

K~n)x it suffices to define a natural pseudo-cross section a ~ : P")EX--,  T~")X. 

Note that there is a pseudo-cross section r:EX---.  CX  of the quotient map 
g: CX --, E X  given by 

r g ( p , x ) = ( p , x ) ,  p >  l 

where (p ,  x ) E  CX is a simplex. The pseudo-cross section a {") : P")EX--,  T~")X 

is the composition ~")EX ~ ~")CX c T~")X of ~")r : ~")EX--* ~" )CX (which 
makes sense even though r is not a simplicial map) and of the inclusion 
I~"~CX c 7~")X (3.8). 

3.10. LEMMA. Let X be a pointed simplicial set. The simplicial groups ~ t )X  

and GEX are naturally isomorphic. 

PROOF. Let ( 1 , x ) E C X  be a simplex and let y ~ E X  denote the image 
g(1, x), where g:  CX ~ E X  is the quotient map. The isomorphism f :  P~)X--- 
GEX is defined on the generators of I~t)X by the formula 

yts ',x] = 

We now complete the 

3.11. PROOF OF 1.1. The infinite diagram defined below proves 1.1. It is a 
natural commuting diagram of simplicial homomorphisms and simplicial 

groups. The n th row is the "zigzag" of weak equivalences connecting the 
simplicial groups P")X and G"E"X. The slanting arrows on the right hand side 
of the diagram are the inclusions G"E"X c G" + tE" + ~X defined by 

G"te,x : G"E"X --* G"GEE"X = G" + I E" + IX 

where the inclusion Zx: X-- ,  GEX is obtained by combining 3.4 and 3.10. 
It follows from the eommutativity of the diagram that the inclusion 
~")X C P" + I)X corresponds naturally to the inclusion G"E"X c G" + ~E" + ~X. 

The diagram is 
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• o .  * * *  • • • B • • * * 0  o ,  , 

t t t t t 
~4)  X -- .  Kt3)X . -  GI~3)EX .--. GKt2)EX ~ G2]'X2)E2X--. 

t t t t t 
I ' t3)X --.  Kt2)X ~ GI~2)EX--. GKtl)EX .-- G2I'tOE2X 

t t t II 
~2~ X ~ ICI)X ,-- GI-<I)EX 

t 
p l ) ~  

In 
GEX 
(a) 

tl 
G2E2X 

f G3E3X 

(b) (c) (d) (e) 

The construction of this diagram requires comment. The basic idea is that 
columns (a), (b) and (c) are constructed using 3.7 and 3.8, and that (a), (b) and 
(c) generate the rest of the diagram by "replication". 

The horizontal maps from column (a) to column (b) and the maps from (c) to 
(b) come from Lemma 3.7 and are, therefore, weak equivalences. The vertical 
maps in (a) and (b) are the inclusions given in 3.4 and 3.8. The vertical maps in 
(c) are defined by applying the functor G to the natural inclusions I~*)EX C 
~ +  I)EX. It follows from the definitions of the maps that the subdiagram 
generated by columns (a), (b) and (c) commutes. 

To "replicate" this subdiagram on (a), (b) and (c) we replace X by its 
suspension EX and then apply the functor G to the diagram. The resulting 
diagram is the one generated by columns (c), (d) and (e). The procedure is 
repeated indefinitely to obtain the rest of the diagram. Since G preserves weak 
equivalence, it follows that all the horizontal maps of the diagram are weak 
equivalences. 

~4. The relative functors 

In this section we define relative functors ~n~ (~n)+) from pointed pairs 
(X, A) of simplicial sets to free simplicial groups (monoids). The simplieial 
group T~n)X (3.8) is defined to be ~')(CX, X) where CXis the cone on X(3.5). 
The properties of Tt~)X -- Ix~)(CX, X) given in Lemma 3.8(i), (ii) and (Hi) are 
special cases of properties (4.5 and 4.7) of the free simplicial groups Ftn)(X, A). 
Lemma 3.8(iv) will be proved in §5. 

4.1. The simplicial subsets sk~ + W~t~,j~ and sk~ 14~te,j ~. Let n >-_- 1 be an 
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integer and let {i , j}  be a pair of integers. The group Z{i,j} = {1, a} is a two 
element group, and so the simplicial set sk, WY,{,,j} has exactly two non- 
degenerate n-simplices, (1, a, 1 , . . . )  and (a, l, a . . . .  ). The simplicial subset 
sk + WZv,j} c sk, WZ{t,j} is the one that is generated by the non-degenerate 
n-simplex (1, c t, 1 . . . .  ). The simplicial subset sk~WZ{i,j}csk, WZ{~,j} is 
generated by the non-degenerate n-simplex (a, 1, a . . . .  ). 

An immediate consequence of 4.1 is 

4.2. PROPOSITION. Given integers n > l, i, and j,  then 
(i) sk. + WZv,j} n sk~- WZo-,/} = sk. _, WZo.,~. } , 

(ii) sk, + WZv,j} U sk~ W'Zv,j} = sk, WZv,j}. 

4.3. The free simplicial monoid I ~") ÷ ( X, A ). Let ( X, A) be a pointed pair of 
simplicial sets and let n > 1 be an integer. The simplicial subset Ft")+(X, A) C 
1-x, +t)+ X consists of those simplices [w, Xl, x2 . . . .  , xp] ~ I -x" +1)+ X such that, 
for integers i a n d j  withl  < i < j  < p,  

(a) Rv,j}(w) ~ sk~- WEv,j}, if x~ E X - A, 
(b) Rv,j}(w)Esk + WZV.j}, ifxj  ~ X  - A. 
As in 2.13(ii), the product u .vEF+X of k-simplices u, v~F+X is in the 

simplicial subset lX")+(X,A) if and only if both u~lX")+(X,A) and 
v ~ 1 x" ) + (X, A ). Therefore, 1 x" ) + (X, A ) is a simplicial submonoid of  F + X, and 
lX")+(X,A) is a free simplicial monoid,  its basis is the set of irreducible 
simplices of F + X (2.14) contained in 1 -x")+ (X, A). 

The definition of  lX")+(X,A) is natural for maps f : ( X , A ) - - , ( Y , B )  of 
pointed pairs of simplicial sets. The homomorphism F+f :  F+X-- -F+Y (2.6) 
restricts to a homomorphism l'X')+f: l'X")+(X, A)--* 1-x")+(Y, B). 

4.4. The free simplicial group lX")(X, A ) is the group completion (3.1) of  the 
free simplicial monoid  lX")+(X, A). It follows from the comments  in 4.3 that 
the relative 1 -x") is a functor from pointed pairs of simplicial sets to free 

simplicial groups. 

Definitions 4.4 and 4.3 and Proposition 4.2 together imply 

4.5. PROPOSITION. Let (X, A) be a pointed pair and let *EAo denote the 
basepoint. The following equalities and inclusions of  simplicial groups hold: 

(i) ~")(x,  , )  = ~")x ,  
(ii)  I-'t")(X, X )  = l v '  + t)X, 

(iii) I-'(")X c P")(X,A) c l-'("+t)X, 
(iv) ~n+l)A C I"(n)(X, A). 
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4.6. REMARK. Note that statements (i) and (ii) of Lemma 3.8 are 
corollaries of 4.5. 

4.7. LEMMA. Let (X,A)  be a pointed pair o f  simplicial sets and let 
f : (X ,A ) - - , (X /A ,  ,) denote the quotient map. Let Ker~")(X,A) denote the 
kernel of  the homomorphism 

P")(X, A)-- , )  =  ")XIA. 

The inclusion ~"+1)A C Ker~")(X, A) (which exists by 4.5(iv)) is a weak eq- 
uivalence. 

The homomorphism I~"): T~")X-,I'~")EX of 3.8 is l~")g: ~")(CX, X)--, 
~")EX where g:  (CX, X ) - .  (EX, . )  is the quotient map (3.5). 

4.8. COROLLARY. The inclusion ~" + I)X-'. K~")X = Kel~")(CX, X) is a 
weak equivalence. 

The rest of this section is devoted to the proof of 4.7. The first part of the 
proof uses bisimplicial sets and a summary of their properties can be found in 
[2, §1]. In particular we will use the 

4.9. HOMOTOPY INVARIANCE OF THE DIAGONAL [4, Ch. XII, §4]. IfH --* L 

is a map ofbisimplicial sets such that,for each integer k > O, the map at level p 
H,.p --, L,.p is a weak equivalence, then the diagonal map Diag H -- Diag L is 
also a weak equivalence. 

The first part of the proof is a reduction to the case that (X, A) is a pointed 
pair of discrete simplicial sets. This is done by realizing the inclusion 
~"  + I)A c Ker(")(X, A) as the diagonal ofa bisimplicial map and then using 4.9. 

Note that Ker(~)(X, A) is a functor from pointed pairs to simplicial groups. 
Let L(")(X, A) denote the bisimplicial group that at level p is defined by 

L(")(X, A)., p = Ke~")(Xp, Ap). 

The face and degeneracy maps between levels are the simplicial homomor- 
phisms Ker(")(0i) and Ker(")(si) where 0~ and s~ are the face and degeneracy maps 
of(X,A). 

Using the same construction, let//~" + tJA denote the bisimplicial group that 
at level p is defined by 
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Let/-P" + ~)A --* L(")(X, A) denote the bisimplicial homomorph ism that is the 
inclusion 1 ~" + l)Ap C Ker(")(Xp, Ap) at level p.  

It follows that 
Diag L(")(X, A) -- Ke~")(X, A), 
Diag H (" + t)A = ~"  + t)A, 

Diag[H (" + l)A --" L(")(X, A )] is the inclusion ~"  + t)(X, A ) C Ker(")(X, A). 
It follows from 4.9 that if the inclusion I x" +')A r C Ker~")(Xr, Ap) at each level 

p ->_ 0 is a weak equivalence, then the inclusion ~" + l)a C Ker(n)(X, A ) is also a 

weak equivalence. 
So we can assume that (X, A) is a pointed pair of  discrete simplicial sets. 

Therefore X = A v B where B is the quotient X/A. Recall that  f :  (A v B,A)-- ,  
(B, . )  is the quotient map. Let g: (A v B , A ) ~ ( A , A )  denote the map that 
smashes B to the basepoint. 

The homomorph ism I~")g : ~")(A v B, A ) ~  ~")(A, A ) =  1 ~" + ~)A is a retrac- 
t ion onto the simplicial subgroup l ~" + ~)A c ~")(A v B, A). Hence the inclusion 
~"  + i)A c Ker(")(A v B, A) is a weak equivalence if and only if the restriction 
IX")g : Ker(")(A v B, A) ~ ~"  + I)A is a weak equivalence. 

Consider the commuting diagram of  fibrations: 

Ker(n)(a v B , A )  I~")(A v B ,  a )  ~")(B) 

~")g IX")g X lX")f 

IX" + I)A ~"  + 1)A X ~")B ~")B 

The map l~")g: Kcr(")(A vB,A)-,I~"+I)A is a weak equivalence if and only 
if the homomorphism 

~")g × ~")f :  ~")(A v B, A ) - -  ~"+t)A × ~')B 

is a weak equivalence. 

4.10. LVMMA. The homomorphism ~")g X ~") f  is a weak equivalence. 

PROOF. Let M and M '  be simplicial monoids and suppose that h : M ~ M '  
is a simplicial homomorphism which is a weak equivalence. In general it 
does not follow that the group completion Uh : UM--, UM' is a weak equi- 
valence. But if  the monoids M and M '  are "nice" (explained below) then it 
will follow that Uh is a weak equivalence. In particular this argument will 
apply to the homomorph ism 

~")+g X l~")+f: ~")+(A v B, A ) ~  ~"+t)+A X ~")+B, 
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the group completion of which is l-X")g X l'~")f. Hence 4.10 will follow 
from 4.11. 

Let u : M ~  UM the homomorphism that (dimensionwise) is the com- 
position M - ~ F M ~ F M / N  = UM of the quotient map and of the in- 
clusion M - ~ F M  as generators. The simplicial monoid M is "nice" if 
the map of classifying complexes [7, p. 83] Wu : geM ~ W U M  is a weak 
equivalence. 

Consider the commuting diagram: 

UM ~ W U M  ~ geUM ~ geM 

U M ' ~  WUM'  ~ W U M  ' o  geM' 

where U M ~  W U M - - g e U M  is the natural principal fibration [7, p. 83] 
such that W U M  is contractible. Since h is a weak equivalence it follows that 
geh is a weak equivalence. It the monoids M and M' are "nice", then it also 
follows that geUh is a weak equivalence, and therefore that Uh is a weak 
equivalence. 

It is known that free simplicial monoids are "nice" (see [5, 5.4]). Since 
the functors It," and U commute with cartesian products, it follows that 
a cartesian product of free simplicial monoids is "nice". The simplicial 
monoids IXn)+(A vB, A), I'~"+~)A and 1-x")+B are free and therefore 4.10 
follows from 

4.11. LEMMA. The homomorphism Ft")+ g × IX")+ f is a weak equivalence. 

The rest of this section is devoted to proving 4.11 which will finish the 
proof of 4.7. 

4.12. The filtration o f  C,+~Zp. Let n ~ 1, p, and k be integers such 
that 0=<k =< p. The simplicial subset EkC~+IZp consists of the simplices 
w ~ C~ + l~p such that 

(a) Rtia~(w)E sk,_~ WE~,j ~ when k < i < j  _-< p, 
(b) Rc~a~(w)Esk~ + W~,j~ when 1 =<_ i < k < j  < p. 
The following properties of the simplicial sets EkC~+~Y-,p are immediate 

consequences of the definition. 

4.13. PROVOSITION. Let p > 0 and q > 0 be integers. 

(i) For 0 < k < p, the simplicial set EkC. + ~ Y.p is contained in Ek + t C~ + ~ Y'r At 

the extremes EoC~ + lY~p = CnZp and EvC~ + lY, p is C~ + IY~v. 
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(ii) The simplicial subset EpC,+~Zp+q c C,+~Zp+q is closed under the 
diagonal action of  the subgroup Zp X Zq c Ep+q. 

(iii) Using 2.10, the cartesian product C.+lZp X C, Zq is identified with a 
Y,p X Zq-equivariant simplicial subset of  Ep C, + 1Zp +q. 

4.14. REMARK. The simplicial subset ~n)+(X,A) of F+X consists of 
the simplices in F+X of the form [w, al . . . . .  ap, xl . . . . .  xq] where 
w ~EpC. + iZp+q, a, CA and x~ E X  are simplices. 

We now recall some facts about simplicial homotopies which are needed for 
the proof of 4.11. 

4.15. Simplicial homotopies. The interval I is the simplicial set that has 
two 0-simplices 0 and 1, and a 1-simplex e such that 00e = 0 and die = 1. These 
simplices generate I. Thus 

Io = {0, 1}, 

11 = {0,  1, e } ,  
, • * 

Ik={0 ,  1 , . . . , S k _ , . . .  ~ . . . , s 0 e  . . . .  }. 

The realization I I [ is homeomorphic to the unit interval [0, 1]. 
A (simplicial) homotopy is a simplicial map H :  X X I ~ Y. Let Ho : X --* Y 

denote the composition X = X X {0} C X X I--- Y of the homotopy and 
of  the inclusion. Likewise HI : H ~ Y denotes the composition X X { 1 } 
X X I ~ Y .  

PROOF OF 4.1 1. Since A and B are discrete, it follows that the sim- 
plicial monoid l'X")+(A v B, A) is a disjoint union Up,q>_0 Zp,q where Zp,q is 
defined by 

zp,q = Epc.+,z~+~ X~,x~, (a - . )~  X ( B  - . )~ .  

(Given a group G acting on simplicial set X and Y, let X X~ Y denote the 
orbit space of the diagonal action of G on X X Y.) 

Likewise the simplicial monoid I-x"+~)+A is a disjoint union Up,q>_.0 Cp,q 
where Cp,q is defined by 

c~,q = ( c .  +,z~ x c . z  0 x~.×~. (A - . )  ~ x (B - , ) , .  

Note that, by 4.3(iii), Cp.q is a simplicial subset of Zp,q. 
The homomorphism 1-x")+g X 1-x")+fis a disjoint union of simplicial maps 

hp,q : Zp,q ~ Cp,q given by 
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hp,q[w, al, a2, . . . , ap,  b~, . . . .  bq] = [T(w), a~ . . . .  , ap,  b~, . . . , bq] 

where a ~ E A ,  bj E B ,  and where 

T: W~p +q --* WZp X W~q 

is the product Rc1,2,...,p J X R{p + ~,...,p +q} of reduction maps (2.4). 
The restriction of T to a m a p  T:EpCn+lY~p+q-~Cn+lY~pXCnY~q is a 

Zp X Zq-equivariant retraction. Hence h p , q : Z p , q - - , C p , q  is a retraction. To 
finish proving 4.11 we will show that hp,q is homotopic to the identity map 
z . - -  

A homotopy (4.14) G:EpCn+lY~p+q X l-'*Et, Cn+lY~p+¢ is defined by 

G ( a o ,  . . . , ak ,  O) = (ao  . . . .  , ak ) ,  

G ( a o ,  . . . .  a k ,  I) ---- (T(a0), • . . ,  T ( a k ) )  = T(ao, • • •, ak), 

G ( a o ,  . . . .  ak ,  S k - l  . . . Si . . . s o e  ) = ( T(aQ)  . . . .  , T ( a  i), a i + l . . . .  , a K). 

It is straightforward to check that G is a Zp X Eq- equivariant homotopy such 
that Go (4.14) is the identity map and Gt is the retraction 

T :  E p C . + , Z p + q - - .  C. +,Z. X C.Z¢, 

L e t  H :  Zp,q X I--- ,  Zp,q be the homotopy defined by 

n ( [ w ,  ai  . . . .  , ap ,  bl, . . . , bq], t )  = [ G ( w ,  t) ,  a ,  . . . , ap, bt . . . . .  bq] 

where t E I is a simplex. It follows from the previous paragraph that H is a well 
defined homotopy, that H0 is the identity map Zp,~ --- Cp,q, and that H~ is the 
retraction hp~ : Zp~ --* Cp,q. This completes the proof of 4.11 and also the proof 
of 4.7. 

§5. Proof of Lemma 3.8(iv) 

In this section we define the word length filtration, and use it and the 
filtration of C, + ~Zp to prove 3.8(iv). 

5.1. T h e  w o r d  l e n g t h  f i l t r a t i o n  o f  F + X  [1, §6]. Let m >_- 0 be an integer. 
Then F~+X is the simplicial subset of F+X consisting of the simplices 
[ w , x ~ , . . .  , x p ] E F + X  such that p _-<m. For integers m _-< n, it follows that 
F ~ X  c F + X ,  and that the union Um_o F+ Xis  F + X .  

5.2. The induced  f i l t rat ions .  T h e  intersections ~ n ) + x  ffi ~ " ) + X  n Fp + X 
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give the word length filtration of I TM + X. Likewise IX")+ (X, A) is filtered by the 
intersections ~")+ (X, A) ffi IX")+(X, A) N F + X. 

5.3. The fdtration quotients are denoted: 
Dpx= r; 
D~pn)X = IXp")+ X/IX~)_ + X, 

A) = (X, A a ). 

PROOF or  3.8(iv). We wish to prove that ~")X ffi IX")(CX, X) is contract- 
ible. It follows from the results in [5, §5] that if the free simplieial monoid 
IX")+(CX, X) is contractible, then its group completion IX")(CX, X) is contract- 
ible. We show that IX")+(CX, X) is contractible by proving that each filtration 
quotient D~")(CX, X) is contractible. 

Let k be an integer such that 0 < k < p. Let Y~, denote the simplicial sub- 
set of D~")(CX, X) consisting of the simplices [w, x~ . . . .  , xp]ED~p")(CX, X) 
such that wEEkC,+~Zp (4.12). It follows from 4.13(i) that Jk is con- 
tained in Jk+~, that JoffiD~p")CX, and that Jp ~D~")(CX, X). We show that 
D~p")(CX, X) is contractible by showing that each quotient Jk/Jk-~, l < b < p ,  

is contractible. 

5.4. We define a contracting homotopy H:  CX × I ~ CX (i.e. H0 is the 
identity map and H~ is the trivial map C X ~  {,} c CX) by the formulas 

H(( p, x), O) = (p, x), (p, x) ~ CX a simplex, 

H((p,  x), 1) -- (k, *) (* basepoint of X), 

H((p , x ) , Sk_~ . . .~ . . . Soe ) f f i (p , x ) ,  i + l < p, 

H((p,  x), Sk-] . . .  ~ . . .  Soe) ffi (i + 1, O~+~-Px), p < i + 1. 

We use H to define a contracting homotopy of JklJk- ~. Each element u E Jk 
has by definition a representative of the form [w,x~, . . .  ,xp] such that 
w ~EkC, + ~Zp. It follows from a straightforward but tedious computation that 
u is in Jk but not in Jk- ~ if and only if the representative u ffi [w, x~ , . . . ,  xp ] is 
unique up to the action OfZp × Zq (i.e. i fu -- [v, Yl, • • •, Yp] and VEEkC,+~Zp, 
then v = w. tx for some a E Zp × ~p -k). A contracting homotopy Gk: JklJk- ~ X 
I ~Jk/Jk-~ is defined by 

Gk(U, t) --- [w, x , , . . . ,  Xk, H(Xk+I, t) . . . . .  H(x o, t)] 

where t ~ I is a simplex and H:  C X  X I ~ C X  is the contracting homotopy. 
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The homotopy Gk is well defined because of the uniqueness up to Zk X Ep-k 
action of the representative. 

Appendix 

In this appendix we consider the relationship between the two loop functors 
G (3.6) and f~, and between the two suspension functors E and S. 

The latter is easy. 

PROPOSITION [7, p. 125]. Let X be a pointed simplicial set. The realization 
I EXI is naturally homeomorphic to S I X I. 

To relate the functors G and f~ we define a third loops functor L 
[7, p. 99]. Given a reduced simplicial set X satisfying the Kan extension 
condition [7, p. 2], a simplicial set LXhaving the homotopy type of loops on X 
is defined as follows. The k-simplices of LX are the (k + 1)-simplices x E Xk +1 
such that OoX=S k• (*~Xo is the unique 0-simplex of X). A natural 
weak equivalence f :  L X ~  GX is defined by f ( x )=  x, the corresponding 
generator of GX. 

The useful property of the functor L is that it commutes with the total 
singular functor sing [7, p. 2], in the sense that for a pointed space Y, there is a 
natural isomorphism 

L sing Y = sing f~ Y 

(where we use a pointed version of sing). 
The functors I I and sing are adjoint and, for X a pointed simplicial set, 

there is a natural weak equivalence X ~ sing IXI [7, § 16]. 
Combining the last two paragraphs we obtain 

PROPOSITION. Let X be a reduced simplicial set. The following is a diagram 
of  weak equivalences: 

GX--, G sing I X I "-- L sing i X I = sing [~ I X I. 

There are natural inclusions ix: X ~ G E X  (3.10) and Zix I :lXI ~K~.SIXI. 
The following proposition shows that these inclusions are naturally equivalent. 

PROPOSITION. Let x be a pointed simplicial set. The following diagram 

commutes and the indicated maps (-7,) are weak equivalences: 
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X--,GEX-=, Gsing[EXI ~- LsinglEXI 

sing[ X[ --, sing f lS  I X I --- sing f l  I EXI. 
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